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ABSTRACT

This paper proposes a robust adaptive nonlinedraltar to stabilize a wheeled
mobile robot. The controller equations are obtainesing a recursive
backstepping design method. The robot model igldviinto two parts: a state
space model with intermediate control inputs amggladaic nonlinear equations
that relate the true and the intermediate contoliis. The robot parameters are
assumed unknown for the design. First, a suitabdenge of variable is applied
to the initial robot dynamics to expose the inhegnct feedback structure of
this model. Next, a three-step robust adaptive $tepping control design
method is applied to find the intermediate coninplut expressions. Finally the
true control inputs are obtained solving the nadin equations that relates
intermediate and true control inputs, iterativefy.direct adaptive algorithm
based on the projection method is used to updaectmtroller parameters
online. The main advantage of this adaptation neeti® that estimated
parameters convergence is guaranteed and they memside predefined
domains. The proposed control design method iedest simulation. Results
show good tracking performances when system paeamate perfectly known
and when they are assumed unknown with large abeaugtions.

Keywords : Mobile Robot, Robust Adaptive Control, Backstepjpegign
Method, Newton-Raphson MetlRodjection Method.

RESUME
Un correcteur robuste adaptatif pour un robot mobie équipé de roues.

Cet article propose un correcteur non linéaire stdbuet adaptatif pour

stabiliser un robot mobile équipé a roues. Les #ous du correcteur sont
obtenues en utilisant une méthode de conceptiansige dite backstepping.
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Le modéle du robot est divisé en deux parties : thpésentation dans
'espace d’état faisant intervenir des entréesatansande intermédiaires et
une équation algébrique non linéaire qui relie éetrées de commande
intermédiaires aux entrées exactes de commandgstinte. Les parametres
du robot sont supposés inconnus durant la phaseraeption du correcteur.
Dans un premier temps, un changement de variap®ppe est appliqué au
modéle initial du robot pour faire ressortir lausture interne du modéle.
Dans un second temps, une méthode de conceptiosteobt adaptative en
trois étapes est utilisée pour obtenir les expoessiles entrées de commande
intermédiaires. Enfin, les entrées exactes de comdealu systéme sont
obtenues en résolvant d’'une maniére itérativeétpsmtions algébriques non
linéaires qui relient les entrées de commande niédraires aux entrées
exactes de commande. Un algorithme adaptatif divasé sur la projection
est utilisé pour mettre a jour en temps réel lasrpatres du correcteur. Le
principal avantage de cette méthode d’adaptatibigues la convergence des
parametres estimés est garantie dans un domaidéfipié La méthode de
conception proposée est évaluée en simulation.résglitats montrent des
bonnes performances de poursuite de trajectoiresdyles parametres du
systeme commandé sont parfaitement connus et ldssgant inconnus et
sujettes a des grandes variations.

Mots-clés : Robot mobile, commande robuste et adaptative, rdétte
conception dite backsteppm@thode de newton-raphson,
méthode par projection.

| - INTRODUCTION

The importance of autonomous robots for domestdt maritary application is
now well established [1,2]. The number of recemttgbutions testifies the high
level of research activities in this domain. In,[2] new control rule for
determining vehicle linear and rotational veloatere presented. The design is
based on the assumption that a ‘perfect velocigking’ is achieved. The
reference [4] removes the previous assumption aopoges a control structure
that makes possible the integration of a kinemadittroller and neural network
computed-torque controller. In [5], @synthesis robust controller of a four-
wheel steering (4WS) vehicle is designed with thatineized weighting
functions to attenuate the external disturbancesewhe yaw rate is chosen as
the only feedback signal. The reference [6] studhesist steering and traction of
four-wheel steering (4WS) vehicles with varying a@ty, mass, moment of
inertia, and road—tire interaction. A nonlinearutyputput decoupling controller
along with a robust control scheme is proposed. Hkgfinity controller and
observer gains are obtained by solving two new &icgebraic equations. In
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most of the previous contributions, the mobile tolzorepresented either by
kinematic equations or linearized model when dymragguations are used.

This paper introduces an innovative approach toremsdthe mobile robot
tracking controller design problem. The basic ideao divide this difficult
problem into two straightforward problems. This dadés indeed the main
advantage of our design approach. It is motivatethb observation that much
of the nonlinearities of the robot model appearo irgctuator equations.
Therefore, a model based design methodology isgsexh The highly nonlinear
model of the mobile robot is spitted into two paAsstate space model in which
three intermediate control inputs are voluntaniyraduced, and three nonlinear
algebraic equations involving true and intermedietatrol inputs. First, an
adaptive backstepping control design method [nployed to synthesize the
intermediate input equations that solve the trapgctracking problem. Next, the
Newton-Raphson method [8] is used to solve nonlirgebraic equations to
obtain the true control inputs. A projection basedptation method is proposed
to update controller parameters when robot parasef@gange. Two scenarios
are used to assess the controller performancest, Fie robot parameters are
assumed known therefore the adaptation algorithrasswitched off. In the
second case, robot parameters experiment largeptalariations and the
adaptation module along with the robust nonlineans are used to ensure good
trajectory tracking performances.

The paper is partitioned as follows. The mobileotobtate space model is
discussed in Section Il. The design objective esented in Section IIl. Section
IV exposes the backstepping control design methedduto obtain the
intermediate input equations along with the aldgonitused to compute the true
control inputs. Controller parameter adaptation lanes proposed in the same
section. Simulations are performed and the resultspresented in Section V.
Two different trajectories are used to evaluatecth@rol tracking performances.
The paper ends with a conclusion.

Il - FUNDAMENTAL CONCEPTS
[I-1. the wheeled mobile robot model
The four wheeled autonomous vehicle studied inphger is represented by

the half vehicle model that is illustratedragure 1. The mobile robot motion
can be represented by the following state spacatiems [9, 10].

x=Vcos®+pB) (1.a)
y=Vsin(®+p) (1.b)
6=w (1.c)
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V= cosB)UX N s:\:ﬁ )Uy

M (1.d)
b= —sin(B)UX N cosf )Uy o

M [V M (Le)
w=1u,

J (1.9
where
u,=L" {Af cos@ )+ F sing }— L{ A cosB ) F sird })‘ (o 2.0)
U, =-A'sin@ )+F cosB )= Asing } Fcof( ) BUcB(
Uy =Alcos@ )+ F sing ) A cost ¥ Fsil( ) BYSB .,
and

. . _L _ P

Al=p (8 -B-= S and A=y, @ -p-- ") -

State variables x, y,e,V ,B and ®W are the x-position, the y-position, the
orientation, the longitudinal velocity of center mfass, the skidding .angle and

. _ f
the angular velocity of the centre of mass, respelgt O , 8, F and F are
the control inputs and they represent the front eltséeering angle, the rear
wheel steering angle, front wheel traction forcel a@ar wheel traction force,

respectively. Paramete®! , J, L' and L" are the mass of the vehicle, the
moment of inertia about the centre of mass, theudie between the front wheel
and the centre of mass and the distance betweapdhevheel and the center of

mass, respectivel\B b, Hi andHr stand for linear and angular viscous ratios,
Front and rear wheel lateral friction coefficientsspectively. It is important to
mention that this model is composed of three m@tstiips (1.a, 1.b and 1.c)
referred to as the ‘kinematics’ and three equatind, 1.e and 1.f) usually
called the ‘dynamics’.

lI-2. design strategy and objective

Our objective is to synthesiz& , 8, F and F such that position and

(x .y .6)

orientation variables follow the desired trajectories

(Xrer Ve ’efef). The proposed design strategy consists in corisigler
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u, ,U, ,U . . , .

( X y ‘*’) that appears in equations (1) as intermediate raont
inputs, and in finding their equations to solve titagectory tracking problem.
Next, equation (2) will be used to solve online the true control inputs

(¢ & F F) -

, iteratively. The Newton-Raphson method is suggkst
to solve the nonlinear equations. Integrators aentarily introduced into
the control loop for practical consideration andyt@rantee that steady state
tracking errors will go to zero. To reveal the irdm@ strict feedback structure
of the mobile robot model and to introduce thedegrators into the control
loop, the following new variables and change ofalales are defined:

V, =Vcos@) and Y= Vsing (4)

t t t
Q, = J.(X ~ Xyep )T Qy :j(y_yref)dT Qg :j(e_eref)dt
0 , 0 , 0 (5)

The mobile robot augmented state space model kdsltbwing form:

Q, =X~ X (6.a)
Qy =Y " Yrer (6.b)
Qg =0-0, (6.c)
X =cos@)V, - sin@ )\, (7.a)
y =sin@)V, +cosp )V, (7.b)
0=w (7.0)

When nominal value of the unknown robot parametdts J,B, b, M ang
l1f) are introduced into the dynamic parts, equatibds1.e and 1.f become:

1
Vx :Man +(*)Vy +p1(t)

(8.a)
. 1
Vy :MUyn — WV, +p,(t) (8.0)
1
b==U t
W J wn+p3() (8.0)

where UX“, Yy and Yen represent the nominal intermediate control inputs.
Their expressions are identical to equations 2 wilodiot parameters are
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substituted by their nominal values. Paramet@?gt), P2 () and P3(t)

gather the terms that depend on unknown paraméibes. are treated like
disturbances in this work.

p, (t) =—-AA" sin@ )-AA sin@ )-ABcosp )V
p,(t)=AA" cos@ +AA cosd »A Bsirg )\
p;(t)=AA'L cos@ )-AA I cosf ) A hido
where

L'w
v

Lf
DA" = (8 -B-) DA =0 (8 -B- )
Ay = e My Ay =4k, , AB= B-B,

ParametersB“, b“, Hin and Hm are nominal parameters of linear and

angular viscous ratios, Front and rear wheel latéretion coefficients,

respectively. According to their expressioRS(t), P2 (1) and Ps(t) are
obviously bounded.

The block diagram representation of equations @jd 8) is shown at
Figure. 2. One can easily see that the augmented state spadel is
composed of three cascaded subsystems. The stasbles of the first
subsystem are the inputs of the second subsystehgcaon. This structure is
refereed to as a strict feedback form. It is veryadble for the application of a
backstepping control design method to obtain therotler equation.

Figure 1 : Geometrical parameters of the half vehicle model.
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6f
UX Vx X
- U \
. Q2 s Eq8 Y EqT -
Uw 0 0

Figure 2 : The intrinsic structure of the mobile robot model
lI-3. backstepping method for controller design

A systematic application of a recursive backstegpimethod to the system
represented by equations (6 to 8) leads to theraostructure depicted at

figure 3. During the design, robot parameters sast, J,B b Ht gand
Hrare assumed unknown. One can note that the proposetloller is

composed of 3 sub controllers. Th%xye-controller is used to find the

suitable value of the position and orientation estakector (X Y ,9)

* *

Y

g
denoted(x ) that steers(QX Ly ’Qe) to zero. TheXY8.

. . . VvV, ,V, ,®
controller is used to obtain the ‘ideal value’ fg)rX y ) denoted

(VX Yy ,oo) in order to drive (x .y .6) to its ‘ideal

x ,y .0 . :
value’( y ) The last sub controller is th\éxvy -controller. It is
used to find the intermediate control inputs edqurettiin such a way that they

w

V. V., . Qﬁ,v*,d
steer the vector( x y w) to its reference * y ) Sub

controller equations are obtained as follows. Fivgé consider the sub-

system represented by the equations (6 (.le Y ,9) were a vector of
control inputs, it should be selected equals to,

X = Xyef ~ lex (9.8.)

Y = Ver —KoQy (9.b)
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0 = eref - k3Q9

(9.0)

. Q. ,Q, ,Q . .
in order to drlve( X y 9) to zero. Equations (9) represent ‘ideal
values’ or references o(‘x Y ’e). They areQXVS-controIIer equations.

However,(X Y ,9) IS not the vector of control inputs but a vectbstate
variables. It is therefore used to introduce newaldes that represent the
errors between position and orientation variabtestaeir references.

X=X—-X (10.a)
y=y-y (10.b)
0=0-6 (10.c)

Dynamics of(QX R 'Qe) into the new coordinates have the following
form, therefore:

Q, =-kQ, +X (11.a)

Qy =—kQy +¥y (11.b)
£,y .0

Next, references o‘VX Yy ,co) will be selected to drive( y )to

. [x vy 6 _ .
zero. Dynamics o‘ y )can be rewritten into the following form:

X =C0SP )V, = SiNG )\, = %o + K (X= X ) (12.a)
¥ =sin@®)V, + cos@ N = Vet + Ko (Y= Vit ) (12.b)
0=w-8,, +ks(0-6,) (12.c)

VvV, ,V . .
If ( x Y ,co) were the vector of control inputs, it should béesid
equals to,

\/;( :COSGX Ko K Xer = KX k4~X—fz>} + Sin@i Veett KoY KoY~ ky_ﬁ }

(13.a)
\/;, :_Sln(e){ Xef +k1Xref_le_ k4$(_ﬁ>} +0053i Veert klyref_ sz' kgy— o) }/

(13.b)
W =B +KeBer ~k Pk H-Qq (13.0)
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x .,y .8 .
in order to force( y ) to converge to zero. Since the vector
Vv, ,V . : . :

( x oty ,w) is not the input, it is used to introduce a newtweof state
variables.

Vi =V =V (14.a)

Vy =Vy Yy (14.b)
O=wW-w (14.c)
Equatlons (12) into the new coordmates become:

% =cos@)\, — sin@ )\§ k, X-Q (15.a)

. :sm(e)VX —cos@ )\§ - kA y-0 (15.b)

Equations (13) represerﬁye-controller equations. Next, the intermediate

. . (V. WV, .G :
control inputs will be found to drlve( X y w)to zero. The dynamic

&)
are:

. V, LV,
equations 01( X y

~ 1 . %

Vx :Man +(*)Vy _Vx P,

~ 1 .k
vy :MUW -V, -V, +p,

(i):%Umn—do*+p3

V. LV, @
Expressions of( o )

(16.a)

(16.b)

(16.c)

in terms of other state variables can be

easily obtained by differentiating equations (13)d asubstituting each
derivative by its expression in terms of the statgiables. To stabilize

vV, ,V (X
( Xy w) to zero, it is sufficient to seleét xn yn ’UZ”) equals
to,
U,, =Mu, 5uf\?x
4 (17.a)
U, =Mu, - u2v
S (17.b)
an=:]u3—5 )
4 (17.c)
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where

u, = -k, V, —wV, +V, « —C0s®)Xx - sin@ Jy- n_(t)— 2

X
e pE - K <
u2——k8Vy+coVX+Vy+sm(9)x+cos@)y— (t)—z y

Us = —Kg@+ @ —é—fos—%b

The dynamic equations of (16) in closed Ioop become

V, =KV, ~cos@)X- sin@ )y+ Iq(t)- \4‘— Li'ﬁi u
(18.a)
V, =—kgV, +sin(B)X +cos@ Jy+ - V‘m %_ZM Y (18.b)
bo= ko0 + By~ 02, - KL
. 37 O Um0 (18.c)

Equations (17) arevxvyw-controller equations. The output of tﬁ/évyw

controller is sent to the module that solves thalinear equations (2) to

, S LY _
obtain the true control inpu . The following paragraph
presents the algorithm used to compute the truéraoinputs knowing the
intermediate inputs and the state variables. Theos@onlinear algebraic

8 F)

nonlinear equations has four unknowns represenge

To guarantee a unique solution to this problem,itipeit F' is set to zero.
Let

HO) =(h () hp () hy(x)' 19)

where

h,(xX)=-A"sin@® )+ F cos§ > A sin§ » Fcof 3 BV U

h,(x)=A"cos@ )+ F sin§ » A cos{ ¥ Fsit y By-

h3(x):Cf{Af cos® W+ E sind })— - Y- C{ A cod ¥ 'F siﬁ(}
=(5f 5 F ,If),withlf= 0

We suggest taking the controller output equalshéothird iteration value of
the Newton-Raphson algorithm given by equation .(Emulations have
revealed that only three iterations are necessamydch the convergence.

x(k+1)=x(k)- ( )x x(ky LH(x(K))
(20)
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The initial value*k=9) js equal to the previous controller output. Inesth

Words,(eSf 3 Ff) x(k= 3)( )x =x(K)

of H(x) at x = x(k).
To be able to compensate for mass, moment of aeriscous ratios and
friction coefficient variations, the proposed catier is provided with an

adaptatlon module. That module is responsible donmuting parameter!%’I

3 andPi, 1=1.2.3 The proposed algorithm is based on the projectiethod
[11] deflned as follows:

Proj[y,é} y,if {8, <6 <8,} or {§ <q, andy= 0} or{§, < & andys< 0}

represents the Jacobian matrix

A

ro- 0z, — 67 -
Proj y8, | = y[1- m 1,{6. <6, andy< 0}

|: Ij| 2m_(eim_pi)2 | Im

[ ~ } 62 -82, .
Proj y0. |= y[1- L 1,{6, <6 and y> 0O}

| (B +P)* - 65 M

where eim, Om and Pi are real numbersY is the function that is being
projected.
The definition indicates that the projection of fhaction ¥ is equal to |tself
as far ase' Is inside or is moving towards the mter\IaIm "V'] If % IS

outside the interval and is moving in the wrongediion, the projection of
is equal to a fraction of .The variable at the right hand side of the eqyalit

A

will representei . Therefore, Wher?i will be leaving the intervaheim Oim ]
the algorithm will reduceei, immediately. The adaptation strategy based on

the projection method will guarantee that estimgiachmeters remain and
converge inside the predefined dom[a?ﬁ“ P O -n ] Predefined lower

and upper bounds of the estimated paramgteﬂ[re represented b?ﬁ'm and

Om . The positive real numbée? is chosen by the designer. The adaptation

equations could be obtained from the stability gtofithe closed loop system
describes by equations (12, 15 and 18). Howeverthi® sake of simplicity,
an alternative method that gives the same ressilfgaferred in this paper.
The equations are obtained by inspection usingdt@wing rule of thumb:

For instance, to find the adaptation law fgﬂr, (i.e.,l\A/I ), we use the equation
(18.a) and the equation (18.b) sine appears in both of them. The function
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y of the projection function is equal t\éx (since it is the state variable of
equation (18.a)) multiplied by the factor 8 in the equation (18.a) (i.e.,

Y i this case) pIusVy (since we are now considering equation (18.b))

multiplied by ~Y2 (the factor ofM in the equation (18.b)). The adaptation
laws for the proposed controller are:

A

M =aPr oj{—u1\~/X -u,V,, M}

(21)
3=BPYO{—L§~\4, A.} 22)
D=V, Proj{ V., bl} 23)
B, =V, Proj{V : “pz} (24)
Ds = Vs Proj{ v, bs} (25)

Parameter® , Y1, Y2and Yz are positive gains. It is possible to show that th
closed loop system described by equations (11-}5&8ng with the
adaptation module represented by equations 21 ie &&able and converges
to its equilibrium point. The proof is given in tappendix section.

Il - RESULTS AND DISCUSSION

Simulations are now performed to assess the prdpassign method
effectiveness. The robot nominal parameters arengiat Table 1. The
proposed controller is tested in two different aitons. The first case
assumed that the controller knows the robot pammmetperfectly. The
adaptation module is therefore not used. The rpacdmeters that appear in
the controller equations are equal to their nomusdilies. The robot is used
to follow the circular path represented by thedwling equations.

. Tt Tt .

Xref = _(E)ZCOS% t)' )?ef (t:O) = )ﬁef (l: 0) =

V = - E 2gj E | = :.E = =
yref - (10) Sm(lot) 1yref (t O) 101 yef (t_ O) (

0, (1) = arctan@ j
X

ref
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Controller gains are given afable 1. Figure 4 illustrates the tracking
performance of the controller. The initial positiohthe robot is x = 0.1m, y

=0 and th@=‘150. One can see that a perfect tracking performasce i
achieved. The robot is able to closely follow tlesided trajectoryfigure 5
shows the vehicle speed. After a peak at the veginbof the trajectory, a
steady state speed of about 0.3 m/s is reached &2 secondFigures 6
and7 show the other state variables of the system. HEneyoounded. All of
them converge to their steady state values aftacbnd. Controller outputs
are illustrated atFigures 8.a and 8.b. Once again, these signals are all
bounded and their steady state values are realistic

Table 1 : Model parameters

M =1kg L =2m W =1

J=1IN.m L' =2m b =1
Table 2 : Control gains

k,=5 k,=5 k; =10

k, =100 ks =100 ks =10

k, =100 kg =100 kg =10

L@y»Eq. 13
8 7\ 0
+
+ 9 (V]
Xy 8] €—

xy8 Controller V, | V,V,wController Newton Module

Q,,eController

w18
U r
Eq. 17— Eq. 19>
Ue jf»
0,
1 Xy
EQ. Gt 54—@%—

Figure 3 : Controller structure
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T [

X (m)

Figure 4 : Robot motion in the x-y plane: dash-line: actuajectory,

continuous line: desired traast
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Figure 5: Speed V
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Figure 6 : Angle beta
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Donatien NGANGA-KOUYA et A. Francis OKOU



71

Rev. Ivoir. Sci. Technol., 13 (2009) 57 — 76

(s/per) m

time (s)

Figure 7 : Angular speed
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0

045 0!

0.4
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time (s)
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Figure 8 : Control efforts

In the second situation, the robot parameters langpdly changed from their
nominal values. The wheeled mobile robot and therotler parameters are
given atTable 3. The robot is used to follow the path describedtlhy

T ©
. .X
C
©
+—
[&]
S
P ©
c I
Sz
S %
o D
e R
m... 11
£ =
@) ©
> x
Y—

_T
10

' Yef (1: 0)

yref :4Sin(2t) 'yef (t:O)
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The initial position of the robot is x = 0.1 m, yo=and thé = -15° Robot mass
and moment of inertia increase five times at t =s&cond. Controller
performances when the robust gain K = 0 and th@tatdan module is off are
compared to the performances when the gain K ialdéqul0 and the adaptation
module is used-igure 9 illustrates the controller’s tracking performanaeshe
x-y plan when K = 10 and the adaptation module ns ¥We can see that
parameter variations have negligible effects oncthreroller capability to follow

the desired trajectorfigure 10 shows angle€® and 8t () waveforms. One

can note that a good tracking performance is aelieVhe erroP(®) ~Oret (1) g
highlighted atFigure 11. Figure 12 shows the controller performance when K =
10 and the adaptation module is switch off. We He# the performance

degraded considerably when robot parameters chaingeerror (V) ~8rer () jg
highlighted at Fig 13. Simulation results cleargntbnstrate the benefit of the
robust adaptive characteristic.

Table 3 : Model and controller parameters

ks =100 M =5kg| " =2m | Ky =1| a =10

ks =100] J=5N.n | f _o | py =1| yp =2

k6:10 k1:5 k2:5 k3:1( y2:2

k7:100 k8:100 k9:10 y3:2

X (m)
Figure 9 : Robot motion in the x-y plane: discontinous linetual
trajectory, continuous line: desl trajectory
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theta (rad)

time (s)
Figure 10 : Orientation and its reference when K=1 0 and adaptatnodule
is on. discontinous line: mefiece, continuous line: orientation

0.015

0.01

0.005

¢

theta - theta_ (rad)
o

-0.005

-0.015
2

time (s)

1.5

[

¢

theta and theta_ (rad)

time (s)

Figure 12 : Orientation and its reference when K= 0 and adaptatieodule is
off. discontinous line: refeoe, continuous line: orientation.
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Figure 13 : Orientation error when K= 0 and adaptation modideoff
25

estimate of J

time (s)

Figure 14 : Estimated inertia when K= 10 and adaptation modslen

V - CONCLUSION

An innovative approach is proposed to design &dtajy tracking controller
for a wheeled mobile robot which parameters areiraegl unknown. It
combines the robust adaptive backsteeping nonliceatrol design method
and the well-known Newton-Raphson method, a noatimégebraic equation
resolution method. Simulations are used to evalutdte controller
performance. The results demonstrate the effeas®rof the new control
design method. The control is able to follow pettfe@ desired trajectory
even if robot parameters change on route.
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Appendix

This appendix shows the stability of the closeclawbile robot system. Let
us consider the foIIowing candidate Lyapunov fuorcti
zQZ+22V2+ (x2+y2+93+ z ;(Ni/l ?ﬁ)
a (26)
Differentiating V and replacing the derivative of each variablehi@ tesult,
and using the following properties enjoyed by thejgxtion algorithm [11],

‘PFOIYvéi] M 4 ‘Pro{y b ] 26y, yields

vs«klfz§+k29y+kzné>—(k JHKBI kY Y K QT gy
Integrating (27) one obtains

lim jZdt< lim j—th<V(0)—I|m V(t) £

taoot tﬂoot (28)
where

Z=(k Q5 +koQ5+k Q9 + (K X2+ k F 2 +k B +(k V +k Y J+k 9F

By virtue of Barbalat's lemma [11], we can concluteat the system
converges exponentially.
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